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LetAEP,“‘X;e tip set of all m X n nonnegative matrices having the 
For matrices A in P,“’ x “,-tie introduce the concepts of “A has only trivial 
rank factorizations” and “A can have nontrivial nonne 
Correspondingly, the set PTx” is divided into two disj 
that Q, u P@) = ,y*. It happens that the concept of ” 
rank factorizations” i  a generalization f “A is prime in 
sets Ptl, and Ptz,. Some of our results generalize scme theorems in
J. Richmau and Hans Schneider [Q]. 
1. INTRODUCTION 
Most of the notation and definitions in this paper are standard 
an 
d agree 
with those in the references. 
Let A E P/xn, the set of all m X n nonnegative matrices having 
rank r. A is said to have a nonnegative rank factorization (n.r.f. 
there exist matrices B E Prm xr and C E Ptxn such that A = 
nonnegative matrix need have an n.r.f. [l]. L. B. Thomas [l], S. L. 
and G. D. Poole [2], and Bit-Shun Tam [3] gave necessary and 
conditions for A to have an n.r.f. Some of the conditions in 
literatures are essentially the same. If r = min{ n, n }, then 
trivial n.r.f. of A involving the identity I,. Suppose r 
mm{ m, n }. Without loss of generality, we may assume 
*Visiting the Department of Mathematics, Univesity of British Columbia, f’ancxnxver, 
Canada, during 1983. 
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partitioned as 
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where M is T x r and nonsingular. 
Now, we can restate their results in the following form: 
THEOREM 1.1. Suppose A E Plmxn, O<r<min{m,n}, andA ispurti- 
tioned in the fkn given above. Then the following are equivalent: 
(i) A has an n.r. f, 
(ii) There exists a set M, of nonnegative and linearly independent vectors 
in R” such that the cone C,(A) (the cone generated by the rows of A) is 
contained in the cone generated by Ml. 
(iii) There exists an I x r nonsingular m&ix N such that [M, MG] R; G 
NR: EImFnR:. 
(iv) A is expressible as x,yr + . . . + x,.y,T where xi E A”: and yi E R”, , 
i= 
t;;* *&? ere exists an (rdimensional) simplicial cone K such that AR: c K 
c_ImAn R”;. 
Tam also pointed out in [3] that when the conditions are satisfied, the 
representation of A given in (iv) is unique up to the order of its summands if
and only if the simplicial cone K which satisfies (v) is unique. The term “the 
dimension of a cone” has different meanings in [2] and [3]. By “the 
dimension of a cone,” Campbell and Poole mean the number of extreme 
vectors of the cone, while Tam means the dimension of its linear span. In this 
paper, as long as we confine ourselves to full-column-rank matrices, these two 
meanings are equivalent. From Theorem 1.1, it is obvious that if A = BC is an 
n.r.f. of A, then corresponding to this special factorization, A can be ex- 
pressed as a sum of r nonnegative rank-one matrices in essentially one way 
and also there exists a special (r-dimensional) simplicial cone K which satisfies 
(v). Whether a nonnegative matrix A may have two (or more) essentially 
different representations of the form given in (iv) [or equivalently, there exist 
two (or more) different r-dimensional simplicial cones that satisfy the cone 
containment relation in (v)] is not clear. This problem may suitably be called 
the nommiqueness of the n.r.f. of a nonnegative matrix and may have some 
connections with the socalled cone-containment problems posed by G. D. 
Poole and S. L. Campbell in the South Carolina Mini Matrix Conference [4].’ 
For any matrix A E P,,m X”, let us introduce the concepts of “A has only 
trivial n.r.f.” and “A can have nontrivial n.r.f.” Throughout Sections 2 and 3, 
NONNEGATIVE FIANK FACTORIZATION!3 209 
we will me that A E PTxn. Let M,, be any nonnegative mo mial of 
$ order ta, that is, M, has exactly one positive entry in each row an in each 
column. 
DEFINITION 1.2. BC is a trivial n.r.f. of A if there is some monomial M, 
such that B = AM;‘, C = M,, and 
A# ;. 
i 1 
0.2) 
It is obvious that any A E Pnmx” can have a trivial n.r.f. If A is t of the 
i form (1.2) and A has an n.r.f. A = BC different from a trivial n.r.f., w will say 
that A has a nontrivial n.r.f. 
Sinceasingularprimein Pnxn has no n.r.f. [9], the concept “A 
“, 
as only 
trivial n.r.f.” is equivalent o “A is prime” whenever m = n [9]. us, if 
P(i, _C Pnmxn is the subset of Pnmxn such that A, E PCs implies that 
only trivial n.r.f., and PCs, G Pnmx” is the subset of Pemx” such that 
implies that A, does have a nontrivial n.r.f., then we have Pnmx” = 
and Pcl, n P(,, = 0, the empty set. In this paper, we try to characte 
two subsets of Pnmxn. Some of our results are generalizations of
theorems (Theorems 2.4, 2.6, 2.7, 2.8 of [9]) of Daniel J. Richman 
Schneider. 
2. SOME BASIC RESULTS 
Suppose now that A = BC is a trivial n.r.f. of A. Then in Theorem1 .1, we 
have N = MM; ’ in (iii), and the r = n-dimensional simplicial 
satisfies (v) is generated by the cohmm vectors of A (or their 
multiples) in any order. Since two simplicial cones having the same n 
extreme vectors are identified if and only if they have 
vectors (up to a positive scalar multiple) and A and B both 
rank, it is immediate that A = BC is a trivial 
cone-containment relation AR: G K ( = BB: ) c Im A n 
has full column rank implies ImAnR’;=RT. On 
simplicial cone R’: is generated by the cohmms of an m x n 
following form: 
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where D is a nonsingular nonnegative diagonal matrix. Therefore, K ( = BR: ) 
= Im A n fly holds if and only if A is of the form (1.2). Thus, we have come 
to the following conclusion. 
THF~~REM 2.1. Every A E Pnmx” has a triviul n.r. f. For any such n.r. f., 
the corresponding r = ndimerk&nu I simplicial cone K satisfies the cone-con- 
tainment re&ion AR: = KcImAn&!. Fu&ermore,AR: =K=ImAn 
Ry holds if and only if A is of the fm (1.2). 
COROLLARY 2.1. A nonnegative weakly mnotone matrix of fill column 
rank has and can only have a trivial n.r. f. 
This can be seen by noticing that an equivalent condition for an m x n 
nonnegative matrix A to be weakly monotone is that AR: = Im A n R”: [7]. 
Let A E P;‘“. Assume that A is not of the form (1.2). Combining Theorem 
1.1 and Theorem 2.1, we obtain a necessary and sufficient condition for A to 
have nontrivial n.r.f. which may be described as follows. 
THEOREM 2.2. A has a rwntrivial n.r. f. if and only if there exists an 
r = ndimen&maZ simpliciul cone K satis&ing the following strict cone-con- 
tainment relation: AR: c K c Im A r3 R': . 
3. THE NONTRIVIAL n.r.f. OF A (THE CHARACTERIZATION 
OF 42,) 
THEOREM 3.1. Let A E Plx2. Assume that A is not a monamial. Then 
A E PCS,. Moreover, A has in fact infinitely many nontrivial n.r. f.‘s. 
Proof. Without loss of generality, we may assume that the determinant 
det(A) > 0, since A has an n.r.f. if and only if AP, has an n.r.f., where Pz is a 
suitable permutation matrix of order 2. For any positive scalar a, define 
R, = A + aZ,. Then R, E P2x2. Whenever - a e a(A), where a(A) denotes 
the spectrum of A, by direct computation we get B;‘A E Ptxz. 
Therefore, A = B&, is a nontrivial n.r.f. of A for each a > 0 and - a 4 
u(A), where C, = B; ‘A. n 
Theorem 3.1 again confirms that there are no primes in N2 [Q]. 
THEOREM 3.2. Let A E P,,“,” be a positive matrix, i.e. A =(aij), with 
a ij > 0, i, j = 1,2,. . . ,n. Then A E Pc2,. Moreuver, A has in fact tnjinitely 
many nontrivial n-r. f.‘s. 
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Proof. LetZ?,=A+aZ,,C,=Z?~‘A,whereaisanypositive 
that - a 4 a(A). The determinant of the matrix B, is a monk 
of degree n. Therefore, det( B,) > 0 for sufficiently large scalar a. 
the (i, j)-cofactor of B,, i.e., 
a1,+a *-* %,j-1 ‘l,j+l ‘*’ ‘in 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ...< . . . . 
ai-l,l * ’ * * ” 
Mii=( -l)‘+’ a,,, 1 
ai- ai-l, j+l 
. . . a,+:‘~~~ ai+l j+l . . . ai,-i,t3 
Qd+l,n 
I . . . . . . * .. . . . . . . . . . . . . . . . . . . . . . . . . m.... 
. . . a n,j-1 an,j+l ‘*’ a&l + a 
We have 
(adj(Z4)A)i.j = i okjM,i, i,j=l,..., n, 
k=l 
where (X),, j is the (i, j) element of a matrix X and adj(Z3,) denotes the 
adjoint matrix of B,. 
Note that M,, is a monk polynomial in a of degree n - 1 and 
is a polynomial in a with degree no greater than n - 2. 
pair (i, j), there exists a positive scalar a,(i, j), such that when 
aO( i, j), (adj( E,) Ah, j > 0 provided that u i j > 0. The 
ble (i, j) pairs is n2. Taking (r=rna~,~~,~~,,{a~(i, j)}, we 
ar,j>O, i,j=l,..., n, then whenever a> i we 
i, j = 1,. . . , n. n 
For a matrix A, we define aj to be its jth column. By A* (the 
A), we denote the (0,l) matrix defined by arr = 1 if aij > 0, and 
aij=O, whereA=(~~~)EZ’“~~“. We use the componentwise partial 
P” x ” and on the set of column n-tuples. n 
THEOREM 3.3. Let A E P,” ’ n withn>,2. Let l=gi,kgnandij#k. 
Zf a: 2 a,*, then A has nontriviul n.r. f. 
Note that Theorem 3.3 can be viewed as a generalization of Theorem 2.4 
in [9]. I 
Pm$ Since for any permutation matrix P,, of order n, AP,, has n 
n.r.f. if and only if A has, we may assume without loss of gene 
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a? k a:. Hence there exists a positive E such that b, = a, - a,&> 0 and 
b: = a:. Let bi = a,, i = 2 ,..., n. Then B = [bib, * * * b,,] E I’:“‘. For any 
nonnegative monomial M, of order n, B + AM,. Let 
1 0 
c= E 1 I I I n-2 
Then C is not a monomial. But we have that A = BC is a nontrivial n.r.f. of A. 
w 
The converse of Theorem 3.3 is false. A counterexample is
‘0 1 1 1’ ‘1 0 0 O’lO 1 1 1’ 
1 1 0 1 0 0 1 1 4 1 0 0 
110 l=O 10 1 1 1 1 0 0 1 1 0 4 0 10’ 
,l 2 2 1, ,l 1 1 0, \f 6 6 1, 
4. THE TRIVIAL n.r.f. OF A (THE CHARACTERIZATION OF qi,) 
DEFINITION 4.1. Let A E PTxn. A is called fully indecomposable if there 
do not exist permutation matrices I’ and Q (of order m and n respectively) 
such that 
where A,, is a square matrix of order k with 0 < k < n. 
THEOREM 4.1. Let n > 2 and bt A E Pnmxn. Zf 
(i) A is filly indecomposable, and 
(ii) (u*)Tuzgl foruZli,ksuch thatlqi,k,<nundi#k, t 
then A can have only trivial n.r.f. 
Note that Theorem 4.1 is a generalization of Theorem 2.6 in [9]. By 
examining the proof of Theorem 2.6 in [9] carefuhy, we can find out that the 
logical inferences there can work well to prove Theorem 4.1 with only slight 
modifications. The proof is omitted. 
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THEOREM 4.2. Let A E PTxn, and Zet A have only tiviul n. 
there exists an r, 1 d r d n, and a filly indecomposabb mu 
PC”‘-“+r)xr such tht I 
(4-l) 
where P and Q are permutation matices (of orakr m and n 
a nonsingular diagonal matrix in P (n-r’x(n-r), and A, has on2y ti 
Note that Theorem 4.2 is a generalization of Theorem 2.7 in 191. 
is essentially the same, and we again omit it. 
Theorem 4.3 is a generalization of Theorem 2.8 in [9]. 
THEOREM 4.3. Let the two positive integers m, n be such 
and let A, E P,(m--n+r)xr. Let M “_, be a nonnegative 
n-r,whereldr$n. 
Zf A, bus only trivial n.r. f., then the matrix 
which is in Pnnlxn, can have only trivial n.r, f. 
Proof. Let A = BC be an n.r.f. of A. Partition 
and C=(C,,C,), 
where B, is (m - n + r)X n and C, is n X r. 
We may suppose, without loss of generality, that any zero columns of B, 
are at the right. Thus 
where B,, is (m - n + r)X k, B,, is (m - n + r)x(n - k), B,, is (n 
B, is (n - r)X(n - k), C,, is k X r, C,, is (n - k)X r, C,, is k X(n 
is (n - k)X(n - r), B,, = 0, and no column of B,, is 0. Clearly k > 
214 JI-CHENG CHEN 
has no zero row. We have 
(“d My =li=13c= ( B21~:c;;,c,l .,(yE&J 
whence 0 = B&a. 
Since no column of B,, is 0, it follows that C,, = 0. Hence k < n, since A 
has no zero column. Thus 0 < k < n. 
We now have A, = B&i, and M,,_, = B,C,. We next show that k = r. 
If k < r, we have A, = B;,C{,, where 
B;, = (B,,,O) E p(m-n+r)xr and Cl, = 
But this factorization contradicts the fact that A, has only trivial n.r.f. 
If k > r, we obtain n - r < n - k, a contradiction to M,_, = B,C, and 
the fact that M, _ r is a monomial. Hence k = r. But 
B&l1 0 A=BC= 
) B&, + B&21 BzzC22 ’ 
and so B,,C,, = 0 and B,C,, = 0. Since A, = BJ,, is an n.r.f. of A, and A, 
has only trivial n.r.f., it follows that C,, is a monomial. Thus C,, has no zero 
row. Hence it follows from B21C,1 = 0 that B,, = 0. Similarly, we deduce from 
B,q, = 0 and the fact that B, is a monomial that Cs, = 0. Hence 
Since Bzz, C, are monomial and C,i is monomial, it follows that C is 
monomial. Thus A can have only trivial n.r.f. n 
THEOREM 4.4. Let A E P,” “‘. Then A E PCs if and only if there exists an 
r, 1 d r 6 n, and a filly indecompo~able matrix A, E Pr(m-n+r)xr with A, E 
ql,, such that 
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whereP,Qarepennutationmatrices(ofordetmandn~~Zrr)andDis 
a twnnegatiue nonsing&r diagonal matrix of o&r n - Y. 
Proof. Immediate by Theorem 4.2 and Theorem 4.3. 
THEOREM 4.5. Let A E Pnmxn. lfAhass(~n)positivemw~andnof 
them are lineurly independent, then A has infinitely many nor&iv& n.r. f.‘s 
of the jinm 
where B, and C, have been &fined in the proof of Threoren 3.2 ark-l F is an 
(m - n)X n matrix. I 
This conclusion can be easily derived from Theorem 3.2. Th$ extreme 
vectors of the simplicial cone K which satisfies the strict conecoritainment 
relation in Theorem 2.2 are the column vectors of the m X n mat& 
THEOREM 4.6. Let A E PTx” with O<rcmin{m,n}. Zf thbre exist 
permutation m&rices P,Q of suitable orders such that 
where M is an r X r nonsinguZar positive matrix, then A E PcgY In fMt, A has 
infinitely many (essetatMZy d@krent) nontriuial n.r. f.‘s oft& fd 
A = (C,,C,MrZ) 
This conchuion can also be. easily derived from Theorem 3.2. 
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5. SOME REMARKS 
REMARKS. Let AEP,,“~“. A is said to have a nonnegative LU factoriza- 
tion if A - LU with L a nonnegative lower triangular matrix and U a 
nonnegative upper triangular matrix. T. L. Markham [8] gave necessary and 
sufficient conditions for A to have a nonnegative LU factorktion. That such 
an LU factorization is a nontrivial n.r.f. (except when A itself is a triangular 
matrix) is clear. We point out that whenever A is not a triangular matrix and 
A = LU holds, then we have the strict conecontainment relation 
AR: cLR”, cImAnR: =R:, 
and “almost” all the extreme vectors of the simplicial cone K = LR”, are 
“lying” in the faces of the cone R: . 
REMARK 2. Similar definitions and arguments can be applied to the set 
Pmxn to obtain similar results.  
The author is grateful to Professor Roy Westwick for his constant en- 
couragement and helpful discussions. 
Note udded in page proof. The author is tha&ul to Dr. B. S. Tarn who 
correctly pointed out that Definition 1.2 should read as follows: 
DEFIMTION 1.2 Let A E Pnmxn. If A = BC, where B E P”*““, C E P,,““’ 
implies that either (1) B = AM; ‘, C = M, for some monomial M,, or (2) 
there exists permutation matrix P of order m such that 
B=P (1.3) 
for some monomial M,, then BC is called a trivial n.r.f. of A. Any A E P,,““” 
can have a trivial n.r.f. If A has an n.r.f. A = BC different from a trivial n.r.f., 
we will say that A has a nontrivial n.r.f. 
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